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The first part of the present theory is devoted to the derivation of a Fokker-Planck equation.
The eddies smaller than the hydrodynamic scale of the diffusion cloud form a diffusivity, while the
inhomogeneous, bigger eddies give rise to a nonuniform migratory drift. This introduces an eddy-
induced shear which reflects on the large-scale diffusion. The eddy-induced shear does not require
the presence of a permanent wind shear and is intrinsic to the diffusion. Secondly, a transport
theory of diffusivity is developed by the method of repeated-cascade and is based upon a relaxation
of a chain of memories with decreasing information. The cutoff is achieved by a randomization
which brings statistical equilibrium. The number of surviving links varies in accordance with the
number of subranges composing the spectrum. Since the intrinsitc shear provides a production
subrange added to the inertia subrange. the full range of diffusion consists of inertia, composite
and shear subranges. The theory predicts a variance o2~¢%, %% and > and an eddy diffusivity
K~143, [7% [ for the above diffusions. The coefficients are evaluated. Comparison with experiments

in the upper atmosphere and oceans is made.

I. Introduction

The diffusion by irregular movements of particles
at time ¢ and position X can be described by a
scale-independent phenomenological model, or by a
scale-dependent dynamical model. For molecular
diffusion, the scale-independent diffusivity D vields
a mean square displacement of particles, or variance

a?=2D1z. (1a)

The analysis of correlations equally lead Taylor?
to a scale-independent eddy diffusion K, so that the
variance

0?=2K1 (1b)

in a travel time ¢ larger than the duration of cor-
relation took the same form as (1 a).

Observations on diffusion suggested the need of
a more structural and therefore scale-dependent dif-
fusivity

K(l)~ 1", (2a)
as proposed by Richardson 2, giving a variance
a2~ 13, (2b)

The arguments did not provide an analytical basis
of the scale-dependence. For this reason, Tchen?
gave a kinetic foundation by incorporating the scale
into a two-particle distribution function and the
position into a one-particle distribution function.
For an isotropic diffusion, that theory reproduced
the Heisenberg law of diffusivity * similar to (2 a),
and a variance similar to (2b). For a shear dif-

fusion, it predicted a diffusivity
K(l)~1 (3)
and a variance
0% ~ 1 (4)
on the basis of an energy spectrum 3
Fakmt, (3)

The variance (4) agrees with observations in large-
scale diffusion. In addition to the above questions
on diffusivities, there were discussions on the in-
fluence of a wind shear on diffusion in the presence
of a nonuniform convection® 7. In view of the im-
portance of diffusion in atmosphere® !* and in
oceans " 11, and of the need for clarifying the above
issues, we propose to develop a theory of turbulent
diffusion by decomposition into repeated-cascade.

We shall derive a Fokker-Planck equation of
turbulent diffusion in Section II, and formulate a
memory-chain of eddy transports in Section I1I. It
is to be remarked that the existence of a memory is
basic to the Kubo formualism of diffusion!* and
to the derivation of the Fokker-Planck equation
from the BBGKY kinetic hierarchy '3. The method
of repeated-cascade has served to close the cor-
relation hierarchy in hydrodynamic ¥, plasma!® and
gravity turbulence 6. Explicit formulas of eddy
diffusivity will be derived for inertia, shear and
composite diffusions in Section IV. Solutions of the
Fokker-Planck equation will be given in Section V,
and comparison with experiments will be made in
Section VI.
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IL. Derivation of the Fokker-Planck Equation
for Turbulent Diffusion

The diffusion of particles has always been mod-
eled by a partial differential equation of the para-
bolic type. It was first examined by Fokker 1718
and Planck ' in quantum theory, and was analyzed
by Kolmogoroff 2* in probability theory. By treat-
ing the transition probability as characterizing a
transport, Tchen 2! 22 rederived the Fokker-Planck
equation of diffusion for a Markoff process and
found a migratory drift. For a non-Markoff process
with a memory due to a long-range force, the
transition was replaced by a closure of kinetic
hierarchy, and a generalized Fokker-Planck equa-
tion was obtained 3.

In the derivation of a Fokker-Planck equation for
turbulent diffusion which follows, we shall exploit
all the aforementioned features: differential scales,
migratory drift and memories.

The density n(f,x) of particles in a turbulent
medium of velocity u(t, X) is governed by the fol-
lowing equations:

Gafdt+u-\V a=DV2i+5, (6)
and

SufStru-Va=— (/o) VvV, (7)

where p is the hydrostatic spressure, o is the density
of the turbulent medium, » and D are the molecular
viscosity and diffusivity, respectively, and s repre-
sents a source. The velocity u satisfies the equation

of continuity

V-u=0 (8)
for an incompressible fluid. We shall not make a
distinction between the velocities of particles and
fluid. Such a distinction ** becomes necessary in

other circumstances.
We write the variables

Ai=N+n, u=U+u, p=P+p, s=S+s. (9)

into mean parts, N, U, P, S and turbulent fluc-
tuations, n, W, p and s. An average, denoted later
by a bar and taken over a hydrodynamic scale,
helps in separating between a mean quantity and a
fluctuation. It is called a Reynolds average. Other
tvpes of averages, called rank average, will be
discussed in Section I11I.

The mean and turbulent densities are governed
by the dynamical equations
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ON/Bt+U-V N=DV:N-V -nu+5 (10)
and

5, UV n—--nu

=—uw\N/N+DV/?n+s,

which add up to (6). They govern a macroscopic
and a random variable along different scales and
have different purposes: (10) decribes the macro-
scopic evolution of the density N (s, x), and (11 a)
determines the fluctuation n(¢,x) and, in a certain

(11 a)

sense, can be regarded as a Langevin equation of
turbulent transport. The flux —nu in (10) re-
presents the statistical effect of small fluctuations n
and ©# on N and therefore possesses the larger hydro-
dynamic scale of N. The same flux in (11a) has
only a formal role of securing an identity after an
average, and has no dynamical role of forming
correlations from that equation. The fluctuation s
is also not useful in contributing to a correlation s,
since s and U are statistically independent. The dis-
sipation D \/2n could in principle cause a mole-
cular damping but will be discarded in a mixing
process dominated by turbulence. Under those cir-
cumstances, we can simplify (11 a) and write in
its approximate Langevin form

_(31%5 % +(U+u)-Vin=—uVN. (11b)
The right hand side represents a stochastic driving
force which regulates the transport from a mean
density gradient
through the velocity fluctuation u. A formal inte-
gration of (11b) along the Lagrangian path gives
the density fluctuation

VN to a density fluctuation n

t
n(t)=—S/N- [du(t) +n(t=0) (12)
0
and the density flux
nu;= —&;,(AN/dz,) (13)
with an eddy viscosity
¢
E1o=J Aoy us(t)us(ty)
t
=[dru;j(0)u,(t) ,1=t—t,. (14)
0

The upper limit of integrations in (12) and (14)
is the hydrodynamic time scale ¢.
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The representation of an eddy diffusivity (14)
by an integral of the Lagrangian correlation con-
firms the old considerations by Taylor ! and Kampé
de Fériet 24,

In calculating the fluctuation n by (12), we have
written the relatively more stationary %/ N outside
of the integral. Since the duration of the correlation
is small as compared to the hydrodynamic time t of
the evolution of N(z, X), the upper limit ¢ may be
replaced by o, and the correlation n(0)u;(z) is
negligible. Also we have assumed the quasistatio-
narity of U in the correlation

wi(t)us () =u;j(0)us(t—1t,) . (15)

Upon substituting (13) into (10), we find the
following equation of diffusion

SN/[3t+U-VN=DV2N+V (& N)+S.
(16)

We write the eddy diffusivity in the form

E=E+K, (17)
where we distinguish a contribution Vﬁ by eddies
larger than the hydrodynamic scale, and a contri-
bution K by smaller eddies. They play two distinct
roles of convection and diffusion, respectively,
yielding approximately

V- EVNYVEYN+K- VYN,

so that a substitution of (18) reduces (16) to a
Fokker-Planck equation

onN oN 32N
ot T (D 935+ Kyo) Oxz; Sy *

(18)

=-U S

(19)

The Fokker-Planck coefficients are the molecular
and turbulent diffusivities, and the velocity of con-
vection

Uj=U;— 3&;,/3z,. (20)

The convection consists of a permanent wind speed
U; and a migratory drift — 3£;,/3x, due to the in-
homogeneity of the eddies which are larger than
the hydrodynamic scale of N(z,x). This drift was
also found by Tchen 222 in the Markoff diffusion.
The gradient

~

9 O&

- al‘; 78;1’3
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of the drift of component j in the z; direction gives
and eddy-induced shear, called intrinsic shear. Thus,
the apparent shear %/ U may still exist even in the
absence of a permanent wind shear. This explains
the oscillatory shape of the cloud envelop and the
meandering movement of the centroid sometimes
seen in diffusions.

For the sake of simplicity, we restrict the small-
scale diffusivity to its diagonal components, by
writing

where the index f=1,2,3 is understood as not
being subject to the convention of summation. In
addition, we assume that the eddy diffusivity equals
the eddy viscosity of the fluid, the structure of which
will be investigated in Sections III and IV.

IIT. Memory-Chain of Decreasing Information
as the Basis of a Transport Theory
of Eddy Viscosity

The method of repeated-cascade decomposes a
velocity fluctuation into a series of ranks or filters

U=U® +u® ¢ U@y, 4u® (22)

of increasing order of randomness, separated by
wavenumbers k°*, k', k" ... which are independent
variables, where the rank N may be as large as
desired. An accumulated random rank a is obtained
by summing over all ranks equal or higher than a,
and is

w=ul a4, (23 a)

By inference, an accumulated macroscopic rank is

w=u®u®y 4yl (23 b)

A rank #?(t,X) in the X space may have a Fourier

transform u*(¢, k), provided that the truncation

within the appropriate wavenumber bounds be
understood.

In analogy with (14) we define an eddy viscosity

fa-1

UE =0f dr (u2(0)u,(1) ), (24)

using an ensemble everage (' -)® of rank a, called
rank average, which eliminates the rank a but

* Anm. der Redaktion: Um MiBverstindnissen vorzubeu-
gen und Verwechslungen mit anderen Exponenten zu ver-
meiden [siehe z. B. Gln. (47a), (47b)], wurde in der
ganzen Arbeit statt des oberen Exponenten ,Null® das
»Grad*-Zeichen gesetzt.
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retains lower ranks intact. After such an average, the
quantity (24) becomes of rank value lower than a.

Since the rank average is devised to select any
rank in the sequence (22). it can be used to derive
the dynamic equations for that rank from the hydro-
dynamic equations governing d. Here we shall
simply recall that the degradation of #'® into small
scales, in its contribution to (24), is effected by a
Reynolds stress (u* 'u?*1)**! proportional to an
!. On that basis we see that the

evolution of 7 in (24) is coupled to 37+ 1.

eddy viscosily 3**

For the purpose of formulating the dynamics of
the above degeneration and coupling. we consider
the dynamical equation for the rank u'® in k space,
as derived by means of the cascade method men-

tioned above ' 15,
d a1 (2) (2)
(1[ o 14 (l'j9+if','~ Jis_, l‘. u; :f; » (25)

Here f;* is a noise field having no correlation with
u;@, and (v;+ a,_?,{l)kj k. is a relaxation frequency
which offers an absorption to the time development
of u;"*" under a noise field f;'*'.

Both Eqs. (11b) and (25) aim at determining
turbulent transports. and therefore are called
Langevin equations. However, they differ in that
(11b) pertains to the calculation of a mean flux
which is maintained by a macroscopic density gra-
dient, while (25) describes the internal structure of
a transport property associated with a group of
eddies which are degraded by a train of smaller
and more random ones.

Upon multiplying the Langevin equation (25) by
u'* and averaging, we find the differential equation

d it
(][ - (1' rSJ,».\.+ s 1)kj lla‘x
(uP (L k) uP (A, —k))* =0, (26)
which is integrated to
(w2t k) uy? (¢, —K))* = (w2 (t, k)uw, (1, — k) )*
e‘{P{ﬁ ("ézs+’/a+l)kj k.e(t—t‘)} . (27 a)

with the use of

(WP (6, 1) ul (s — k) ) = (u (1, k) uf (¢, —k))*
(27b)

Further integrations, with respect to k and 7=
’ . . -
t — " give the eddy viscosity of rank a

i = L dle 72 (0, W) (1, ) o
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fdre‘cpt—(i O+l ) ki ky T} (28)
< F2 (k")
—— a=1,2,...,N.
.:r k ’L (1’ }s+7bs )

An accomodation coefficient ¢, = 0.2, which is diffi-
cult to determine in view of the uncertain damping
kernel in (24), has been reported earlier '¥, 7* is a
scale of conversion in the Fourier transformation,
and F? is a spectral distribution of energy of rank «
}(ulu,?) —fdA Fran(k) « (29)
Equation (28). which couples two eddy visco-
sities at different ranks, describes a chain of relaxa-
tion frequencies, called memory-chain. The simplified
form neglecting molecular viscosity is. more speci-
fically,

; <, Fi (K
g =2¢ [dk (, )
o ).
> < Fiu (K"
Hge =D &y ) AB” —"", (30)
» (o
oc % (kr:)
Nie =2 Clk{ :lk“ j‘:'-',!.-’
Parallely, the relaxation frequencies
wy = Kkt 8=1,2,... (31)

are also coupled in a more or less organized man-
ner.

Following (30), the determination of u',-,w would
require the knowledge of the velocity correlations at
all higher ranks and previous times T A
according to the definition (24).

The chain (30). which is generated by the dif-
ferential equation (25). pictures the memory as the
tracking of information carried by a trace of time
correlations

(i ©Ou (1) (u Ou ()", .

back into the past times %, ¢, ¢”, . Each filtered
correlation, e.g. (UM (0) u'V(r))", is an associa-
tion which effectuates a time transfer according to
(26), whenever a pattern of energy content (u'"?)’
is recognized out of the bath of an uncorrelated
noise field £ and of correlated, but more random,
agitation #”. The random movements by u” provide
an absorbing property 5" at an absorbing frequen-
cy w'=k*n". The evolution of the filtered motion
u™ and of its pattern (w" (0)uV(7))” in respect
to the sequence (22) during a time t° gives an op-
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portunity of experiencing its association (coupling)
with #” as an absorbing agent, and, therefore, of
also recognizing the latter’s composition and pat-
tern (" (0)u” (1) )” of lower energy content and of
duration t'. This coupling process regresses to the
past times

’ rr e
rsdsE.. .,

perhaps for ever, as in a system of infinitely sharp
perception which could recall all minute and micro-
scopic details. Such a system is indeed deterministic.
Alternatively, in a stochastic system, the coupling
reaches in the long run such a low energy level that
it may be completely succumbed to a large number
of small and random agitations it receives, so that
the last pattern in the chain becomes totally diffuse,
assimilated to and burried in the random and un-
recognizable environment which does not avail to
further tracking. Then in fact a statistical equili-
brium is reached, when we write for the last rank a

)% = Orandom (32 a)
or
771 = fandom » (32b)
cutting the chain (30) off at the last link
N =2 ¢y fodk‘ ?';(k]) (33)
ka1 0 andom

We describe three modes of randomization as fol-
lows:

(i) In randomization by thermal agitations, we
identify

(34 a)

Ja+1
Hrandom =7 .

(ii) In randomization by isomerization, we re-
gard the memory-chain as a polymer with isomeric
links of uniform spectral structure F.

(iii) In randomization by cascade transfer, we
call on the smallest eddies which are still capable of
cascade transfer for contributing to diffusion, but
which are not more capable of further degradation
and tracing into the past, since they are totally as-
similated with the inertia eddies of the bath, of
absorption coefficient 77 pdom. Since the structure
of the bath eddies which shape that property has an
environment of rank a with a property #* on its
own, the last link of the chain finds itself prescribed
by a functional relation of the type

(34b)

a1 a+1 %
Hrandom = Yrandom (‘\]19 k*) .
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The mode (i) of randomization is not useful ex-
cept in diffusion close to the molecular diffusion.
The mode (ii) is most simple, and has been ex-
ploited in predicting the Kolmogoroff law of iso-
tropic turbulence *. The mode (iii) is more com-
prehensive and is applicable to all diffusions ac-
companied by a cascade transfer. In this mode, we
incorporate the said mechanism of cascade transfer
in the eddy viscosity by writing
=t (&2) " (k*) ~" (34 c)

a1
Hrandom
as an extension of the Richardson law (2a) now
including ranks, where

() h=vje, Jr=((Vu??2)e (35)

are the environmental dissipation and vorticity
function, respectively.
We can count on & to fluctuate at its ranking
scale as
Elzliljﬂ

(36)
following a cascade process and thereby we trans-
form (34 ¢) into

7,";\—11‘110171 = C:f—l (TIZYJ)I":’U‘;J) —Hs

This randomization does not depend on external
conditions like » and

e=r ((Vu)?),

and has the essential property of referring #Zniom
to 7%, and thus cutting the memory-chain.
In order to be consistent with (21), we write

(37)

s 2MEs0js Osps (38)

and shall omit the index in 7 for the sake of ab-
breviation. We then reduce the chain (30) to

' 2 e F (K)
n = (32.‘:{ dk k’3 T‘)” s (39 a)
- ] F: (ka)
1o, [dE? . :
7 C;:.,[l( (k%) 2 b dom e

with #%hiom determined by (37), and ¢, is found
to be

ca=2¢,/3. (39 ¢)

For diffusions extending to the inertia, shear and
composite subranges, we require a memory-chain
of two links, with " and %" given by (39a) and
(39 b), respectively. Thus we have

W =c, [dE” f,, (ff, ) ;
K £ Hrandom

(40)
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and

( ’/n J!f ) 1/y k”—.’:s .

rrr 1y

Hrandom = €y

(41)

Upon solving tor %" from the system of Eqs. (40)
and (41), we find the expression

0" = (eafey VT ARTKITRE),(42)

which, substituted into (39a), will determine 7'
The explicit forms of the solutions for %" will be
discussed in Section TV,

IV. Explicit Expressions of Eddy Diffusivities

For the unsteady motion of dilute particles, with
a Stokes friction linearly proportional to the velo-
city of a particle relative to the fluid and a friction
of acceleration, we have found ** that the diffusivity
of particles can be approximated by the eddy visco-
sity of the fluid, i.e.

K=y . (43)

For this reason, we shall provisionally not distin-
guish between the eddy viscosity and eddy diffusivi-
ty in the following. Since they may differ sometimes
in accordance with their different damping kernels
associated with (24), their numerical coefficients
may not be determined too accurately when the
above approximation is made.

In modeling the diffusions, we distinguish the
following subranges:

(a) In an inertia diffusion, the controlling spec-
trum at all ranks is uniformly the Kolmo-
goroff law and is valid for small scales.

(b) In a shear diffusion, the controlling spectrum
at all ranks lies uniformly in the production
subrange. The diffusion is necessary aniso-
tropic and is of large scales.

(c) In a composite diffusion, the spectrum in the
inertia subrange controls the mixing over
small distances or time intervals, while the
spectrum in the production subrange controls
the mixing over large distances or time inter-
vals.

Since a cloud of particles may evolve in time or
position, we shall discuss the diffusivities according
to their governing spectra in the wavenumber and
frequency spaces.

C. M. Tchen - Turbulent Diffusion with Memories and Intrinsic Shear

A) Inertia Diffusion

In an inertia diffusion, where the spectrum con-
trolling the eddy diffusivities at all ranks follows
uniformly the inertia law, we can drastically simpli-
fy the calculation of eddy viscosity by reducing the
system (39 a) and (42) into the following approxi-
mate formula

K=(2co [ dK K-2F)* (44 a)
kn
in k space, or
K= c:,jldm' (F (o) |w;)
—¢, [ do’ &' F (") (44 b)

in " space. The conversion between the two spaces
is made by means of the dispersion relation
wy =o', (45)
The inertia subrange of the energy spectrum in an
isotropic turbulence satisfies the Kolmogoroff law '*
in k and  spaces:
F(k) =A; ¢k, with 4,=1.6, (46a)
F(w)=A,¢e,0072, with 4,=3.8, (46bh)
where ¢, is the rate of dissipation in an isotropic
turbulence. From (44) and (46) we find the eddy
diffusivities

K=c, &" k>,

w

with ¢,”=0.4 (47 a)

and
K=c, 1%, with ¢, =0.007,t° = 2 7/w° . (47b)

In a shear flow of gradient

I' = 3U,/3x, (48)

consisting of a permanent wind shear and an in-
trinsic shear as discussed in (20), an inertia sub-
range slill subsists following a production subrange.
Under that circumstance, the inertia spectrum is

Fu=dgas %, (49)

Formula (49) has the same power law as (46 a),
but takes an anisotropic form, with different rates
of dissipations
ey = (myg+9*) 1% + &,
E22=2%,
ggg=—n*I?1¢,.

(50)

Here #* is an eddy viscosity originaling from pres-
sure fluctuations. Since

Ej1 > € > 83, (51)
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we expect to have

K1 >K5n>Kyy .
B) Shear Diffusion

(52)

The governing spectrum has a spectral law * 16
Fo(k) =%u2k™1 (53 a)

or

Fij(w) =ur* o™ (53 b)

in the production subrange, where u, is a shear-
dependent velocity proportional to (¢/I")'2 Tt fol-
lows from (44)

Ky=surk®, s/=036, (54a)

(54b)

Other components F,, and Fy; do not possess a
production subrange, and therefore sustain their
inertia laws (49), with their corresponding dif-
fusivities (47).

r. 9.0
Ky =s,urt",

’ f:‘_)
S, =8; 7.

C) Composite Diffusion

The composite diffusion is governed by two
parameters ¢ and up characteristic of both the iner-
tia and production subranges. For the purpose of
modeling a composite diffusivity from the chain of
memories (39 a) and (42), we note first that they
involve the moments

[ dkkm F (55)

of positive order m =2, and of negative orders m =
—2/3, and m = —2, as contributed by small and
big eddies, respectively. Therefore by assigning an
inertia spectrum (46 a) to the moment of positive
order and a production spectrum (53 a) to the
moments of negative orders, we can solve the system

of Eqs. (39 a) and (42), and find

{ = ?]’ - C’;r(fl‘f‘g u;“) 1/2 [.9—7/6 (56 a)

. . . . 4
in k space, with a numerical coefficient ¢’,p = 0.56,
or

K=C, (% up)®s (°7s (56 1)

in t° space, with a numerical coefficient C,’ =
3x 1074,
V. Dispersion of Particles from a Source

The eddy diffusivity, as determined by a fre-
quency spectrum, is a function of the time interval
t°, see (47b), (54b) and (56b). This is the time
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interval between the input source at ¢t —¢° and the
density output at . Thus we can write the solution
of the Fokker-Planck equation (19) in the Fourier
transform
t
N(t,k=[dt° S(t—1° k)exp{ —i k-U:°
]
—k[D+K(°) 1%} (57)

using the approximation (21) and assuming that U
is locally homogeneous.
The source may be assumed to be gaussian

— P(E) - f 2/9 B2 5
S(t,x) = (27 b2)32 ]expt—x /2b2}  (58a)
in X space, or

P(1)

S(t, k) = [ ] expi — ¥ k2 b?) (58b)

(27)3
in k space, where b is the mean width of the
gaussian cloud, and P(t) is the intensity of the
source at time ¢

fde(c,x)=P(z). (59)

With the use of (58 b), we reduce (57) to

t

: 1 o
N(t, k) = 27)" ) dt° P(t—1t°) exp[—ik-U:
0
— 322 (1°)], (60)
where
B(t°) =b%+2[D+K(t°)]:°. (61)

While the time evolution of N(t,X) can be ob-
tained by a Fourier inversion of (60) which will
not be discussed, we shall calculate the variance of
N, as defined by

[ dx(x—x)2N(Lx)
oy TR — . (62)
[dx N(t, x)
where X is the systematic displacement by the con-
vection U, and is
[ dx x N(t,x)
- R

= (63)
f‘dx N(t,x)
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In noting that

1 T .
Nt k) = @ 7)35 dx N(t,x)e **, (64)
and consequently, '
aN i t . ;
) _ N —ikx
Ik (27) dex (t.x)e . (65)
2N 1 T ,
— 2 N(t. —ik-x
e (27)? dex Nit.x)e s
we find that the moments are
\dx N(t,x=(2ﬂ)3]\'(t,k)\ )
J k=0
N ; 3 SN
dex!\(t,x):(z.‘t) lak . (66)
N 32
2N (98 .
dex]\(z,x)_ (2 ) Sk'-’};-_o .

and that the variance (62) can be calculated most
conveniently from the Fourier form (60). By
omitting the details of the calculations, we obtain

,'f' dt°P(t—1t°)B(t°)
g8 (f) =——5—

fdi° P(t—1°)
0

(67)

We can distinguish two types of sources.
A) Instantaneous Source, i. e. P(t) = const d (1)
The formulas (61) and (67) give
02 (t) =12(t) =b*+2[D+K(1)]t. (68)

Upon substituting for K from (47b), (54b) and
(56 b), we find from (68) the variances in three
regimes of diffusion, as follows:

(a) Inertia diffusion
02(1) =b24+2Dt+2¢, ctP322¢, 3.
(b) Shear diffusion

o2(t) =b24+2Dt+2s,  up? 22225, u22. (69b)

(69 a)

(¢) Composite diffusion
02(t) =b2+2Dt+2Cip (e3uy)85 125

2l (V8 y)) 05 125

(69 ¢)
(69 ¢)
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B) Continuous Source, i. e. P(t) = constant

Equation (67) reduces to

4

a2(t) = (1/t) [ dt° B2(1°)
0

b9+Dt+(1/z)ffdz°z°K(z':). (70)
0

Upon substituting for K from (47b), (54 h) and
(56 b) again, we find from (70) the variances in
three regimes of diffusion, as follows:

(a) Inertia diffusion

o2(t) =b*+Dt+de, eB2bc/ 8. (Tla)
(b) Shear diffusion
o2(t) =b2+Dt+ds, u2t2=2%s, ur??. (71h)
(¢) Composite diffusion
Ga(” =b24+Dt+ 1: C:I‘ (Fl.'3 uj,)ﬁ-‘ﬁ 1125
~ 3 Cip (V9 up) 85 125, (T1¢)

The approximations (69) and (71) were made
on account of the more effective eddy diffusion. The
diffusions from an instantaneous source (69) and
a continuous source (71) have the same power
laws but differ in numerical coefficients only.

It is to be remarked that in a shear flow, the
horizontal diffusion is stronger than the vertical
diffusion, because the former is in the shear and
composite subranges and the latter is in the inertia
subrange.

V1. Discussions of Results and Comparison
with Experiments

We summarize the results (47 a), (54 a), (56 a),
(69), and (71) from an instaneous or a continuous
source as follows:

(a) Inertia diffusion

K ~1¥3 g2~13, (72 a,b)
(b) Composite diffusion
K~UD8, g%l (73 a,b)
(¢) Shear diffusion
K~l, o*~i2. (74 a,b)

The above three subranges of diffusions are
ordered in an increasing sequence of time: In the
stage (a) of inertia diffusion, the cloud evolves
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within the inertia subrange of the spectrum; in the
stage (b) of composite diffusion, the cloud over-
laps both the inertia and production subranges, and
in the stage (c¢) of shear diffusion, the large cloud
is controlled by the eddies in the production sub-
range. The eddy diffusivity takes the power laws

K~Ws, 16 ] (75)

and the time growth of the variance takes the
power laws

23, 125 2 (76)

for the three diffusions.

When we collect the atmospheric diffusion data
from different authors over a large time span, and
make a proper reduction of data from balloon-pairs
into single particles, we find the existence of all
three types of diffusion® 1%, We have plotted in
Fig. 1 the respective power laws (76).

Experiments on diffusion in the upper atmosphere
and deep oceans usually do not include the inertia
diffusion (72) in view of the large travel times and
sizes involved. Experiments on atmospheric dif-
fusion for large travel times 2 26 support the shear
laws (74a) and (74b) of diffusion, see Figs. 2
and 3. Data of Fig. 3 were plotted 2® in the frozen

yad
S d
s f

e=3.0" MY

Travel time | sec

Fig. 1. Standard Deviation of Particles in the Upper Atmo-

sphere Covering All Diffusion Subranges % 19, The power laws

o~ %2, 185 and t are theoretical predictions by (76) in iner-
tia, composite and shear diffusions, respectively.

@ Siandard Deviation o Particle Width (meters )
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Fig. 2. Standard Deviation of Particles in the Upper Atmo-
sphere for Large Travel Times 25, The power law o~¢ is the
theoretical prediction by (74 b).

10*

e

107 mI

Distance in meters
Fig. 3. Standard Deviation of Particles in the Upper Atmo-
sphere for Large Travel Distances 26. The power law o~t¢
is the theoretical prediction by (74 b).
space coordinate which in fact reflects a time co-
ordinate.

Figures 4 and 5 are diffusion measurements in
oceans 113 we have plotted for comparison the
power laws

K~U8, Knl, 0%~ 1125,

The comparison suggests a diffusion of the com-
posite and shear types.

The experimental evidence of the shear law?
(74b) was first reported by Zimmerman*7 in sup-
port of an earlier theoretical prediction by
Tchen® ®, and confirmed the numerical modeling

by Justus and Hicks 28 and Hicks 2°,

o2~ i,
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Fig. 4. Scale-Dependence of Eddy Diffusivity in Oceans 7+ 11,
The power laws K~["/% and K~ are the theoretical predic-
tions by (73 a) and (74 a) in composite and shear diffusions.
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